Abstract. We introduce Quintessence: a new family of burr puzzles based on the geometry and combinatorics of the 120-cell. Written for a broad, mathematicallyminded audience, our paper discusses the quaternions, the three-sphere, isometries of three-space, polytopes, and the construction of the dodecahedron and its fourdimensional sibling, the 120-cell. The design of our puzzle pieces uses a drawing technique of Leonardo da Vinci; the paper ends with a catalog of new puzzles.
1. Introduction A burr puzzle is a collection of notched wooden sticks [2, page xi] that must be fitted together to form a highly symmetric design, without internal voids, often based on one of the Platonic solids. Ideally, no force is required for the solution, which is unique. Of course, a puzzle may break these rules in various ways and still be called a burr.
Best known is the 6-piece burr, investigated in detail by Cutler [5] . See also [2, Chapter 7] . Another puzzle, the star burr [2, Chapter 9] , is closely related to our work. The star burr has six sticks that are, unusually, all identical. These are shown in The 6-piece and star burrs are closely related to the Borromean rings. To see this, we divide the sticks into three pairs. Each pair forms, roughly, a loop. These three loops interlock in the fashion of the Borromean rings.
The goal of this paper is to describe Quintessence: a new family of burr puzzles based on the 120-cell, a regular four-dimensional polytope. The puzzles are built from collections of six kinds of sticks, shown in Figure 1.2; we call these ribs as they are gently curving chains of distorted dodecahedra.
In Section 2 we recall the definition of the quaternions and briefly discuss stereographic projection; this allows us to translate objects from four-space, and from the three-sphere, into our usual three-dimensional space. In Section 3 we review the basic concepts of regular polytopes in low dimensions; in Section 4 we construct the dodecahedron and derive several trigonometric facts.
With this preparation in hand, in Section 5 we construct the 120-cell. Using the binary dodecahedral group, as it lies inside of the quaternions, in Section 6 we investigate the combinatorics of the 120-cell, focusing on how it decomposes into spheres and rings of dodecahedra. In Section 7 we lay out our choice of ribs, as influenced by the cellcentered stereographic projection. We use this to give a basic combinatorial restriction on the possible burr puzzles in Quintessence. In Section 8 we recall Leonardo da Vinci's technique for drawing polytopes; we adapt his method to our 3D prints. We end with Appendix A, a catalog of some of the burr puzzles in Quintessence. The connection between the classic burrs and ours is left as a final exercise for the intrigued reader.
2.2. Group structure. The points of the three-sphere, the unit quaternions, form a group under quaternionic multiplication. Here 1 ∈ S 3 serves as the identity, associativity follows from the associativity of H, and q −1 = q.
Lemma 2.3. The left and right actions of S 3 on H are via orientation-preserving isometries. The same holds for the three-sphere's action on itself.
Proof. Fix p ∈ S 3 and q, r ∈ H. We compute d H (pq, pr) = |pq − pr| = |p(q − r)| = |p||q − r| = |q − r| = d H (q, r), verifying the left action is via isometry. Since S 3 is connected, and since 1 acts trivially, the action is orientation preserving. Also, the action preserves the three-sphere, and so preserves the induced metric.
Note the group elements ±1 are very special; they are the only elements that are their own inverses. The sphere S 2 I of pure imaginaries is much more homogeneous, as follows. Lemma 2.4. We have u 2 = v 2 = w 2 = uvw = −1 when u, v, w is a right-handed orthonormal basis for I.
For any u ∈ S 2 I and any α ∈ R, define e uα = cos α + u · sin α.
This is the unit circle in the plane 1, u ⊂ H and thus is a great circle in S 3 .
Lemma 2.6. For any pure imaginary u ∈ S 2 I and for any α, β ∈ R we have e uα e uβ = e u(α+β) . Thus {e uα } is a one-parameter subgroup of This gives parameterization of S 3 , as follows.
Lemma 2.8. For any q ∈ S 3 − {±1} there is a unique u ∈ S 2 I and a unique α ∈ (0, π) so that q = e uα .
2.9. Stereographic projection. Throughout the paper we use stereographic projection to visualize objects in, and motions of, the three-sphere. Recall that I is a copy of R 3 . We define stereographic projection ρ :
with q = e uα as in Lemma 2.8. See Figure 2 .7 for a cross-sectional view. Note that ρ sends the south pole to the origin, fixes the equatorial sphere S 2 I pointwise, and sends the north pole to "infinity". The one-parameter subgroup e uθ is sent to the straight line in the direction of u. Figure 2 .10 shows the result of applying stereographic projection to various great circles connecting 1, i, j, k inside of S 3 . Figure 2 .10. Several great circles connecting 1, i, j, k, shown after stereographic projection to R 3 .
Mapping to SO(3)
. By definition, SO(3) is the group of three-by-three orthogonal matrices with determinant one. Taking i, j, k as a basis for I, we identify SO(3) with Isom + 0 (I), the group of orientation-preserving isometries of I fixing the origin. Euler's rotation theorem [8] states that every element A ∈ Isom + 0 (I) is a rotation about some axis: a line through the origin fixed pointwise by A. Also, when A is not the identity, this axis is unique. See [13] for several proofs and a historical discussion.
In Lemma 2.3 we discussed the left and right actions of S 3 on H. We combine these to obtain the twisted action: for q ∈ S 3 define φ q : H → H by φ q (p) = qpq −1 . The twisted action is again via isometries. Note that the action preserves R ⊂ H pointwise. Thus it preserves I ⊂ H setwise. We define ψ q : I → I by ψ q = φ q |I and deduce the following.
Lemma 2.12. The map ψ q is an element of SO(3). The induced map ψ : S 3 → SO(3) is a group homomorphism.
Proof. As remarked above, ψ q is an isometry of I that fixes the origin. Since S 3 is connected, the isometries ψ q and ψ 1 = Id have the same handedness. Thus ψ q lies in SO(3). The equality ψ qr = ψ q ψ r follows from the associativity of H.
We need an explicit form of ψ, discovered independently by Gauss, Rodrigues, Cayley, and Hamilton [15, page 21] . Lemma 2.13. For q = ±e uα the isometry ψ q is a rotation of I about the direction u through angle 2α. Thus ψ : S 3 → SO(3) is a double cover.
Proof. As a convenient piece of notation, we write q = a + bu where a = cos(α) and b = sin(α). So q −1 = a − bu. We check that ψ q (u) = u.
By Euler's rotation theorem, the line through u is an axis for ψ q . Now suppose that v is orthogonal to u. Let w = uv. Thus u, v, w is a right-handed orthonormal basis of I.
We compute ψ q (v).
Thus ψ q rotates by the desired amount. It follows from the rotation theorem that ψ is surjective. Note that ψ q = Id if and only if cos(2α) = 1 if and only if α ∈ {0, π}. Thus ψ is two-to-one. We leave the proof that ψ is a covering map as a topological exercise.
Definition 2.14. If G ⊂ SO (3) is a group, then we call G * = ψ −1 (G) the binary group corresponding to G.
Polytopes
We refer to [19] for an in-depth discussion of polytopes. Here we concentrate on the ideas needed to understand regular polytopes.
3.1. Convexity. A set C ⊂ R n is convex if for any points x and y in C the line segment [x, y] is also contained in C. For any subset S ⊂ R n the convex hull of S, denoted by hull(S), is the smallest convex set containing S. For example, the convex hull of two distinct points is a line segment. The convex hull of three points, not all in a line, is a triangle. The convex hull of four points, not all in a plane, is a tetrahedron. In general, if S is a collection of k + 1 points, not all in a k-dimensional hyperplane, then hull(S) is called a k-simplex.
When the set S is finite, we call the convex hull P = hull(S) a polytope. The dimension of P is the dimension of the smallest affine subspace H ⊂ R n containing P . We call H the affine span of P . In the examples above the interval has dimension one, the triangle two, and the tetrahedron three. Define interior(P ) to be those points p ∈ P where there is a relatively open set U ⊂ H so that p ∈ U ⊂ P . Define ∂P = P − interior(P ).
If K ⊂ R n is a hyperplane and if Q = P ∩ K lies in ∂P then we call Q a face of P . If, in addition, the dimension of Q is one less than that of P then we call Q a facet of P . The vertices of P are exactly the zero-dimensional faces. For example, any tetrahedron has four facets, all triangles; this gives the tetrahedron its name. Note that ∂P is the union of the facets of P .
3.2. Regular polytopes. Suppose that P is a k-dimensional polytope, with affine span H. A collection of faces Q 0 ⊂ Q 1 ⊂ . . . ⊂ Q k−1 ⊂ Q k = P is called a flag of P if Q has dimension . As an example, the tetrahedron has 4 × 3 × 2 × 1 = 24 flags. Fixing a basis {u } for H we may define the handedness of a flag {Q } as follows: for > 0, pick v in Q , based at Q 0 and not in the affine span of Q −1 . A flag is right-or left-handed according to the sign of the determinant of the matrix of coefficients of {v } written in terms of the {u }.
Let Sym(P ) be the group of isometries of H that preserve P setwise. We call elements of Sym(P ) the symmetries of P . Definition 3.3. A polytope P is regular if for any pair of flags F and G of P there is a symmetry φ ∈ Sym(P ) with φ(F ) = G.
It follows that all facets of a regular polytope are congruent and also regular. As an example, consider the octahedron O ⊂ R 3 : the convex hull of the six points
The octahedron has 6 × 4 × 2 × 1 = 48 flags. Any one can be sent to any other by reflections in the coordinate planes and rotations about the coordinate axes. Note that the facets of O are all congruent equilateral triangles, so are themselves regular two-polytopes. Note that O = Sym(O) acts transitively on the vertices of O. This is true for any regular polytope P . Define p = center(P ) to be the average of the vertices of P . Since Sym(P ) permutes the vertices of P , it fixes p. Since Sym(P ) acts transitively on the vertices, they are all the same distance from p. Thus p is a circumcenter : P is circumscribed by the sphere S P centered at p containing the vertices of P .
The sphere S P is crucial in our study of P . Typically, our first move towards constructing an n-dimensional regular polytope P will be to build a spherical tiling T P ⊂ S P ∼ = S n−1 . The tiling T P is the radial projection of ∂P , from the center p, into S P . The tiling is often more tractable, and is certainly easier to visualize. Definition 3.4. Suppose that P is regular and F = {Q i } is a flag in P . Then the flag polytope Q F is the convex hull of the centers of the Q i . The spherical flag polytope is the radial projection of Q F − p to S P .
Since P is regular, all of its flag polytopes are congruent, perhaps via orientationreversing symmetries of P . Definition 3.5. Suppose P is a regular polytope. We form the dual polytope P by taking the convex hull of the centers of the facets of P and then rescaling so all vertices of P lie on S P .
For example, the dual of the octahedron is the cube (hexahedron). Rescaling, we may assume that the eight points ± 1, ±1, ±1 are the vertices of the cube.
3.6. Constructions. There are four infinite families of regular polytopes; each family is associated to a topological operation. We begin in dimension two, with the regular polygons. Let ρ n : C → C be the map ρ n (ω) = ω n . Restricted to S 1 this becomes an n-fold covering map of the circle.
Definition 3.7. The n-gon P n is the convex hull of ρ −1 n (1): that is, of the n th roots of unity.
Note that the interior angle at the vertex of P n is π(1 − 2 n ), and also that P n is self-dual. Already in this first example we see a recurring theme: a regular polytope P is first understood via its circumscribing sphere, in this case the unit circle.
We now turn to the three families that exist in all dimensions: the simplex, the cube, and the cross-polytope. Each family is defined in terms of convex hulls and also given by its topological operation. We take e k i = (0, . . . , 0, 1, 0, . . . , 0) ∈ R k to be the point with a single 1 in the i th coordinate and all other coordinates zero.
Definition 3.8. The k-simplex is the convex hull of the k + 1 points {e i } in R k+1 . Thus it is a (right) cone with base the (k − 1)-simplex and with height
Definition 3.9. The k-cube is the convex hull of the 2 k points {±e 1 , ±e 2 , . . . ± e k } in
Thus it is a product between the (k − 1)-cube and the unit interval.
Definition 3.10. The k-cross-polytope is the convex hull of the 2k points {±e i }, taken in R k . Thus it is a suspension with base the (k − 1)-cross-polytope and with height one. Here the suspension is a double right cone, to points lying symmetrically above and below the center of the base. As shown in Figure 3 .11, in dimension one all of these are intervals. In dimension two the cube and cross-polytope give the square and diamond, which are similar. In dimension three the simplex is the tetrahedron and the cross-polytope is the octahedron. We collect several useful statements, which we will not prove here. Instead see [9, page 143].
Lemma 3.12. The simplex, cube, and cross-polytope are regular. The cube and the cross-polytope are dual while the simplex is self-dual. In dimensions three and higher, these three polytopes are distinct. Theorem 3.13. There are exactly five regular polytopes not in one of the four families. These are, in dimension three, the dodecahedron and icosahedron (dual) and, in dimension four, the 24-cell (self-dual), and the 120-cell and 600-cell (dual).
The next sections of the paper are devoted to constructing the dodecahedron and the 120-cell.
4. Dodecahedron 4.1. Construction. The dodecahedron, and its dual the icosahedron, exists for a more subtle reason than that of the simplex, cube, or cross-polytope. As such it has several different constructions; the earliest of which we are aware is Proposition 17 in Book 13 of Euclid's Elements [7] . See [18] for one historical account of the five Platonic solids.
We give an indirect construction of the dodecahedron D that has two advantages. The argument finds the symmetry group Sym(D) along the way. It also generalizes to all other regular tessellations of the sphere, the Euclidean plane, and hyperbolic plane. We begin with Girard's formula for the area of a triangle in S By continuity, for any angle θ ∈ (3π/5, π) there is a regular spherical pentagon P ⊂ S 2 with all angles equal to θ. (See [17, Figure 1 .12] for a hyperbolic version.) Thus we may take θ equal to 2π/3. Adding a vertex at the center and at the midpoints of the edges, we divide P into ten flag triangles: five right-handed, five left-handed, and all having internal angles π · (1/2, 1/3, 1/5). These three angles appear at the edge, vertex, and center of P . Let T R and T L be copies of the right and left handed flag triangles, and note that there are rotations of S 2 matching the edges of T R and T L in pairs. The celebrated Poincaré polygon theorem [6, Theorem 4.14] now implies that copies of T R and T L give a tiling T of S 2 . One half of the stereographic projection of T is shown in Figure 4 .3. Poincaré's theorem also implies that Sym(T ) is transitive on the triangles of T . and that any local symmetry extends to be an element of Sym(T ). Since the area of S 2 is 4π deduce that the tiling T contains 120 flag triangles.
Definition 4.4. We partition T into copies of P to obtain the tiling T D ; this has 12 pentagonal faces, 12 · 5/2 = 30 edges, and 12 · 5/3 = 20 vertices. We take the convex hull (in R 3 ) of the vertices of T D (in S 2 ) to obtain D, the dodecahedron. (3); this is the group of orientation-preserving symmetries of the dodecahedron. We end this section by examining D.
Lemma 4.5. The group Sym(T ) has order 120; the orientation-preserving subgroup D has order 60. Also, the tiling T is invariant under the antipodal map.
Proof. Suppose that F ∈ SO(3) is a non-trivial symmetry of T . By Euler's rotation theorem F fixes, and rotates about, antipodal points p, q ∈ S 2 . If p lies in the interior of a triangle T , then F non-trivially permutes the vertices of T , contradicting the fact that all of their internal angles are distinct. Suppose instead that p lies in the interior of an edge of T . Then F swaps the endpoints of the edge, another contradiction. The last possibility is that p is a vertex of T , say of degree 2d. In this case F is one of the d − 1 possible rotations.
We deduce that the orientation-preserving symmetries of T are in one-to-one correspondence with (say) the right-handed flag triangles. This counts the elements of D = Sym + (T ) and thus of Sym(T ). It remains to prove that T is invariant under the antipodal map. Suppose that p is a vertex of degree 2d of T . There is a local symmetry f of T that rotates about p, with order d. Thus f extends to a global symmetry F ∈ SO(3). Since F is a non-trivial rotation, Euler again gives us a pair of antipodal fixed points for F on the unit sphere S 2 . One of these is p; call the antipode q. Restricting F to a small neighborhood of q yields a rotation of order d (of the opposite handedness). It follows that q is another vertex of T , also of degree 2d. cos A = − cos B cos C + sin B sin C cos a.
Recall the pentagon P is a union of 10 flags triangles; any one of these is a spherical triangle T with angles A = π/2, B = π/3, and C = π/5. Using the law of cosines we find
as desired. 
The 120-cell
We construct the 120-cell. We could use a continuity argument, as in Section 4.1, to build a spherical dodecahedron in S 3 with all dihedral angles equal to 2π/3. Again, the Poincaré polyhedron theorem would produce a tiling of S 3 ; regularity of the tile leads to regularity of the tiling. Taking the convex hull of the vertices would gives the 120-cell; however, the number of cells and the overall symmetry group are less than clear. Since it is crucial for us to see the symmetries of the 120-cell we proceed along different lines. We refer to [1, 15, 16] for very useful commentaries on the 120-cell. be the tiling constructed in Section 4.1. Let D ⊂ SO(3) be its group of orientation-preserving symmetries. As in Definition 2.14, let D * ⊂ S 3 be the binary dodecahedral group. From Lemma 4.5 deduce that D * has 120 elements. Let T 120 be the tiling of S 3 by Voronoi domains about the points of D * . We show that each domain is a regular spherical dodecahedron. Taking the convex hull of the vertices of T 120 yields the 120-cell. We now give the details. (i+j +k). With this choice of v, the vertex rotation about v permutes the coordinate planes. Pick f ∈ T D to be one of the three face centers closest to v. We wish to rotate T D , about the line through 0 and v, to bring f into the ij-plane. To show that this is possible, and to find the resulting coordinates of f , suppose f = xi + yj, where x 2 + y 2 = 1. We now compute.
From Corollary 4.10 deduce that x + y = cot π/5. Solving the resulting quadratic in x, and applying Equation 4.11, yields {x, y} = 1 2 (cot π/5 ± cot 2π/5) .
We choose the solution where x > y. The resulting position of T D is shown in Figure 5 .2 Using the vertex rotation about v deduce f = xj + yk and f = yi + xk are the other face centers of T D that are closest to v. 
Let T 120 be the resulting tiling of S 3 by Voronoi cells. By construction T 120 contains 120 three-cells. Define C = Sym(T 120 ). Lemma 5.7. Each cell V q is a regular spherical dodecahedron.
Proof. Let 1 be the identity of S 3 . By Lemma 5.6 it suffices to prove the lemma for V 1 . For any q ∈ D * , not equal to 1, we define S(q) ⊂ S 3 to be the great sphere of points equidistant from 1 and q. Note that V 1 is obtained by cutting S 3 along all of the S(q) and taking the closure of the component that contains 1.
By Corollary 4.6 and by Lemmas 2.13 and 2.6 there are twelve quaternions
in D * that are distance π/5 from 1. Define U by cutting S 3 along the spheres S(q i ) only, and then taking the closure of the component containing 1. By Lemma 5.6 the twisted action of D * preserves the q i ; we deduce U is a regular spherical dodecahedron. Also, U contains V 1 .
Proof. We must show, for p ∈ D * , if p is not one of the q i then the sphere S(p) misses U . We will only do this for a single lift of a vertex rotation of D, leaving the other cases as exercises.
Take v, f , f , and f as defined in Section 5. and define q and q similarly with respect to f and f . Thus p is the desired lift of the vertex rotation about v. Note q, q , q ∈ {q i } are lifts of face rotations. By Lemma 2.6 the elements q, q , and q are all distance π/5 from 1 in S 3 . We compute
Expanding the product f f and applying Equation 4.12, we find the real part of (q −1 ) · q is also equal to cos π/5. Since the twisted action of p permutes q, q , q cyclically, deduce that 1, q, q , q are the vertices of a regular spherical tetrahedron, T . Let t = center(T ) be the spherical center -the radial projection of the Euclidean center of T . It follows that t is a vertex of U . We claim t is the point of U closest to p. Note the real part of t is 1 2 1 + 3 cos π/5. Since this is greater than cos π/6 deduce that S(p) does not cut t off of U , and thus S(p) misses U , as desired. We leave the analysis of the other point of D * as exercises. This proves the claim.
This completes the proof of Lemma 5.7.
Definition 5.8. The 120-cell C is the convex hull, taken in H, of the vertices of T 120 .
This completes the construction of the 120-cell. Proof. We must show that the group C = Sym(T 120 ) acts transitively on the flags of C. Now, the flags of C are four-simplices with one vertex at the origin. These are in one-to-one correspondence with the flag tetrahedra of T 120 . The group C acts on these two sets and preserves the correspondence. Thus it suffices to fix a right-handed flag tetrahedron T of V 1 and to prove that any other flag T in T 120 can be taken to T . By Lemma 5.6 we may use the left action of D * to transport T into V 1 . Now, if T is also right handed then we may use the twisted action of D * to send T to T . There are several ways to deal with left-handed flags; we resort to a simple trick. The conjugation map a + bi + cj + dk → a − bi − cj − dk is the product of three reflections, so is orientation reversing in H. It preserves S 3 and is again orientation reversing there. Since D * is a group of quaternions, it is closed under conjugation. Since the tiling T 120 is metrically defined in terms of D * , it is also invariant under conjugation. This reverses the handedness of flags, and we are done. Proof. Again it suffices to check this for V 1 , the cell about 1. With notation as in the proof of Lemma 5.7: let 1, q, and q be elements of D * , all at distance π/5 from each other. Let T be the regular spherical triangle having 1, q, and q as vertices. The center c = center(T ) is equidistant from the vertices of T . Also, there is a reflection symmetry of T 120 that fixes T pointwise. It follows that V 1 , V q , and V q share an edge and this edge is perpendicular to T . As all of these cells are isometric regular spherical dodecahedra, the corollary follows.
Remark 5.12. Note the 24-cell can be constructed in the same way as the 120-cell, by starting with the regular tetrahedron in place of the dodecahedron. The symmetries of the cube (equivalently, octahedron) do not give rise to a regular four-dimensional polytope; the reason can be traced to the failure of the inequality at the heart of Lemma 5.7.
Combinatorics of the 120-cell
With the 120-cell in hand, we turn to the combinatorics of T 120 , the spherical 120-cell. By Lemma 5.7 and Corollary 5.11, the cells of T 120 are regular spherical dodecahedra with dihedral angle 2π/3. 
Rings of dodecahedra. With notation as in Section 5.3, suppose that q ∈ D * is the lift of the face rotation A ∈ D of angle 2π/5 about the vector f . Let R = q < D * be the resulting cyclic group of order ten. Note that R has twelve right cosets in D * . We call the cosets rings because each corresponding union of spherical dodecahedra forms a solid torus in S 3 . We give the rings the following names: R is the spine, R eq is the equator, R Proof. Let P be the pentagon of T D with center f and let −P be the antipodal pentagon to P , which exists by Lemma 4.5. Let D P < D be the stabilizer of ±P = P ∪ −P .
Claim. The stabilizer D P is a dihedral group of order ten: it contains the rotations of P , contains five edge rotations perpendicular to f , and acts dihedrally on the plane f ⊥ .
Proof. Consider the full stabilizer ∆ P of ±P inside of Sym(D). Counting the flags of ±P deduce that ∆ P has at most 20 elements. Also, ∆ P contains the rotations of P , the antipodal map, and also the five reflections fixing f and preserving P . The composition of the antipodal map with a reflection is an edge rotation perpendicular to f . Since ±P has ten right-handed flags, the claim follows.
Let D * P be the lift of D P to D * . So D * P ⊂ S 3 is a binary dihedral group. The spinal ring R = q is an index two subgroup of D * P . The equatorial ring R eq is the unique coset of R inside of D * P . By the claim immediately above, every element of R eq is a lift of an edge rotation. This verifies the spine and equator columns in the table.
For any great circle C and any great sphere S ⊂ S 3 the intersection C ∩ S is either two antipodal points, or all of C. When S is round, but not great, C ∩ S is zero, one, or two points. As noted immediately after Equation 2.5 the elements of R = q lie on a great circle through the identity. Since the right action of S 3 on itself is via isometry, the right cosets R · p also lie on great circles. Since these great circles are disjoint, deduce R eq is the only one of them contained in the equatorial sphere. The remainder meet the equatorial sphere in at most two points.
By counting intersections, deduce the inner and outer rings meet each of the temperate and the equatorial spheres in exactly two elements. This accounts for six elements of each ring; we must pin down the remaining four.
Recall the definition of q from the proof of Lemma 5.7: the quaternion q is the lift of a face rotation about f , where f is the center of a face P of the tiling T D , and where P is adjacent to the face P . The inner rings are the cosets R in i = R ·−i , for i = 0, 1, 2, 3, 4. As shown in the proof of Lemma 5.7, the real part of (q −1 ) · q is cos(π/5). Thus R in 0 = R · q meets the antarctic sphere in exactly two elements, namely q and
). That is, the i th coset is obtained from R There are only twenty elements of D * left to be accounted for, and these all lie in the tropics. It follows that each outer ring (the cosets R out i ) contains two elements from each of the tropics. This verifies the outer column of the table.
Remark 6.5. The Hopf fibration is the partition of S 3 into cosets of the one-parameter subgroup {exp(iα)}. After a rotation, we see that the cosets of R give a combinatorial Hopf fibration: they divide the 120-cell into 12 rings of ten dodecahedra each. The centers of the rings lie on 12 great circles of the Hopf fibration. Note also that the quotient space of the Hopf fibration is homeomorphic to S 2 . In similar fashion there is a kind of combinatorial map from the 120-cell to the dodecahedron.
Rings to ribs
We describe the ribs of Quintessence: a collection of puzzle pieces, in R 3 , that combined in various ways to produce burr puzzles. The puzzle pieces are based on the rings of spherical dodecahedra described in Section 6.3. We use stereographic projection, ρ, defined in Section 2.9, to move the pieces into R 3 , where we can 3D print the resulting ribs.
Following the notation of Section 2.9 we have dρ dα = 1 1 + cos(α) · u.
In particular, if e uα is near the south pole then α is close to zero and stereographic projection shrinks objects by a factor of approximately two. If e uα is near the equatorial sphere then α is close to π/2 and stereographic projection leaves sizes essentially unchanged. However, if e uα approaches the north pole then α approaches π and sizes blow up. Thus a dodecahedron of the 120-cell close to the south pole shrinks slightly, and a dodecahedron close to the north pole becomes much larger.
All of the calculations so far have been dimensionless. When we wish to 3D print a rib, we have to choose a scale λ, say in millimetres or inches, corresponding to a unit distance in the image of ρ. Many considerations need to be taken into account in choosing λ; the scale is sensitive to the design of the ribs. However, two issues are clear: a large feature on a rib causes the cost to grow with the cube of λ while a very small feature may be too fragile or may fall below the resolution of the printer.
These two issues are in tension, and lead to the general principle that features that are identical in S 3 should have sizes in bounded ratio in R 3 , after projection. In this particular case, the features of the ribs are the dodecahedra. The principle tells us that we should not be using dodecahedra that are too close to the north pole. However, the ratio of two between sizes near the equator and near the south pole is acceptable. So, we remove from our rings any dodecahedra that are closer to the north pole than the equator, giving us the spine, inner 6 and outer 6 ribs. Experimentation shows that many interesting constructions require even shorter ribs; hence we also make the inner 4 and outer 4 ribs. These are the result of removing the two equatorial dodecahedra from the inner 4 and outer 6. The equatorial ring can be printed as is, but again experimentation shows that more puzzles are possible if we break the equatorial ring into two ribs of five dodecahedra each. See With the spine and short ribs in hand, we can build, in R 3 , the stereographic projection of (almost) one-half of the 120-cell. We call the resulting puzzle the Dc45 Meteor ; its It is not at all obvious that the puzzle can be constructed in Euclidean space using physical objects. However, when printed in plastic the Meteor is possible to assemble. Also, when complete it holds together with no other support. For photos see Dc45 Meteor in Appendix A. The ribs apparently need a small amount of flexibility; we have not been able to solve a similar puzzle (the Dc30 Ring) when printed in a steel/bronze composite.
It came as a surprise to us that there are numerous other burr puzzles based on these ribs, and most do not derive from the combinatorial Hopf fibration. We list many of our discoveries in Appendix A. In the remainder of this section we derive a combinatorial restriction on the numbers of ribs that can be used in any given burr puzzle. This theorem is sharp, as shown by the examples in Appendix A. (1) At most six inner ribs are used in any puzzle.
(2) At most six outer ribs are used in any puzzle. (3) At most ten inner and outer ribs are used in any puzzle.
Proof. The stereographic projection map ρ is equivariant: ρ transports the twisted action on S 3 to the SO(3) action on R 3 . That is, ρ respects the S 2 symmetry about the identity in S 3 . Thus any two cells in a given sphere (antarctic, southern temperate, and so on) are identical, after projection, in R 3 . Also, any pair of cells in different layers are different, due to the growth of dρ/dα.
Examining the table in Proposition 6.4, we see that the each inner rib contains exactly two antarctic cells. By the table in Section 6.1, there are exactly 12 cells in the antarctic sphere. Part (1) follows. We prove part (2) by examining the tropic of Capricorn and we prove part (3) using the southern temperate zone. A color-coded guide is provided in Figure 7 .1. If we use injection moulding to make the ribs, then the simplest route would be to realise each rib as a union of solid dodecahedra. However, since we are 3D printing the ribs, we are able to reduce costs by hollowing out the dodecahedra. Our design is closely related to Leonardo da Vinci's technique for drawing polytopes. See Figure 8 .1. Da Vinci's design retains all of the symmetry of the dodecahedron itself. Since the dodecahedron is regular, we need only determine the design inside of a single flag tetrahedron. Then the symmetries of the dodecahedron copy this geometry to all other flag tetrahedra, recreating the entire design. We do something very similar, by constructing our design inside of a flag polytope of the spherical 120-cell, T 120 .
We have two versions of the design in the flag tetrahedron for T 120 , depending on whether or not the flag meets a boundary pentagonal face of the rib, or meets an internal pentagon between two adjacent dodecahedra. See Figures 8.2 and 8.3 . In the former case, we add a surface in the pentagonal face to separate the inside of the rib from the outside. This is not necessary in the latter case. The "outer" parts of the geometry of the ribs are identical (in S 3 ) for all dodecahedra in our ribs. For reasons of cost and strength, we slightly thicken the internal geometry of the smaller dodecahedra closer to the south pole, and thin that of those further from the south pole. Note that Figure 5 .9 is modelled similarly, using only the internal design. (a) Twenty copies of the external design, forming two faces of a dodecahedron drawn in the Da Vinci style.
(b) Twenty copies of the external design and twenty copies of the internal design, forming two faces of two adjacent dodecahedra, and the face between those dodecahedra, drawn in the Da Vinci style. Dc24 Star 6 × inner 4
Up to three ribs can be replaced by inner 6s.
Dc24 Pulsar 6 × inner 4
Any number of ribs can be replaced by inner 6s.
Dc29 Space Invader 2 × inner 6 2 × outer 6 1 × spine
Can add 2 × equator.
Dc30
Star 3 × outer 4 3 × outer 6
Dc30 Ring 5 × outer 6
Replace all ribs with inner 6s to get the Inner Ring.
Dc30 Comet 5 × outer 6
Add a spine and one inner 4 to make the Comet more rigid.
Dc36
Alien 3 × inner 6 3 × outer 6
Either set of 6s can be replaced by 4s.
Pulsar 6 × outer 6
Up to three ribs can be replaced by outer 4s.
Dc42
Alien 6 × outer 4 3 × inner 6
Dc45 Meteor 5 × inner 4 5 × outer 4 1 × spine
There are six ways to build this.
Dc50
Galaxy 5 × inner 4 5 × outer 4 2 × equator Dc75 Meteor 5 × inner 6 5 × outer 6 1 × spine 2 × equator
